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HJB from DP

1 Dynamic Programming

The basic control problem with horizon length N is

N-1
minimize E {Z g (zp, ug, wy) + gN(xN)}
k=0
subject to Le+1 = fk(ack,uk,wk), k= 0, ey N -1
ukGUk(xk), k=0,...,N —1,

where the decision variables are the states xg,...,zy € R"™ and the control
inputs ug, ..., uy_1; € R™, and the expectation is over (random) disturbances
wo, ..., wy_1 € RY. Here fr : R x R™ x R? — R" are the state transition

functions, g; : R"XR™xR? — R are the stage costs foreach k =0,..., N—1,
and gy : R™ — R is a terminal cost. The sets Ug(x;) € R™ denote state-
dependent control constraints.

For every initial state xq, the optimal cost J*(xq) of the basic problem is
given by Jy(zo) in the last step of the following algorithm [Ber05, §1.3], which
proceeds backward from period N — 1 to period 0:

In(zn) = gn(zN),
Ji(2x) = min E {gr(@p, wrs wi) + Jprr (fr(@, we, wi))

ug €U (k)
for k=0,...,N —1.
The optimal policy consists of choosing a minimizing control action uy,
uy € argmin E {gk($k,uk,wk) + Jka1 (fk(:ck, ug, wk))} ,

up €Uk (z1) Wk

for k=0,...,N —1.

2 Deterministic Hamilton—Jacobi—Bellman

The basic continuous-time control problem with horizon length T is

T
minimize g(

i x(t),u(t)) dt + h(z(T))
subject to  @(t) = f(z(t),u(t)), 0<t<T,"

:E(O) 0



If V(t, x) a continuously differentiable (in ¢ and z) solution to the HJB equation

0 : T
—EV(t,x) = min {g(z,v) + V.V (t,2)" f(z,u)}, forallt,z,
V(T,z) = h(x), forall z,

then it is the optimal cost-to-go and a control policy obtained using the min-
imization is optimal. The function V' : [0,7] x R® — R is called the value
function.

2.1 Derivation Using Dynamic Programming
The following derivation is due to [Ber05, §3.2]. Divide the time horizon [0, T’
into N pieces using the discretization interval § = %, and define

o 2 z(kd), 2 u(kd), k=0,...,N.

The first order approximations to the continuous system and its cost function
are

Tpy1 = 2 + f(2p,ug) - 6
N-1

J = Zg(mk,uk) -0+ h(zy).

k=0

Let J*(t, z) be the optimal cost-to-go at time ¢ and state x for the continuous-
time problem, and J}(¢,z) be the optimal cost-to-go for the discrete-time ap-
proximation. The DP equations are

Ji(N6,2) = h),
Jj(ko,x) = IJ1€1[1} {g(z,u)- 6+ J;((k+1)- 0,z + f(z,u)-6)},
for k=0,...,N —1.
Expanding J; as a Taylor series around (kd, z) we obtain
Ji((k+1) 8,2+ f(z,u)-6) = J;(ké, z)
+ VoI5 (kS ) - 8+ Vo J5(kd, )T f(z,u) - § + o(0),
where lims_,00(d)/6 = 0. After substituting back into the DP equations,
Jj(ko, x) = {Jnellr]l {g(z,u) -6+ J;(kd,x)
+ VoI (kb ) - 0+ VI (kd,z)" f(z,u) - 6+ o(8)}.



We then cancel Jj(kd, x) from both sides, divide by J, and take the limit as
0 — 0. Assuming the discrete-time cost-to-go function yields in the limit its
continuous-time counterpart, i.e.,

lim Jj(ké,x) = J*(t,x), forallt,x,

k—00,5—0, kd=t

we arrive at the Hamilton—Jacobi-Bellman equation for the optimal cost-to-go
J*(t, ),

0= m%l {g(z,u) + V,J*(t,2) + V. J*(t, )" f(z,u)}, forall t,z,
ue
h(xz) = J*(T,z), for all .

From here, let V (¢, z) 2 J*(t, x), and subtract the terms that do not depend
on u out of the minimum to obtain the HJB equation.

3 Stochastic Hamilton—Jacobi—Bellman

The basic stochastic control problem with horizon length T is

T
minimize E {/ (e, ug) dt + h(xT)}

0
subject to dx; = f(ay,uy) dt + o(xy) dWy, 0<t<T,
Q?‘t:o = 29.

The dynamics of the state x; are governed by an Ito drift-diffusion process in
R", where {W, | t > 0} is a standard Wiener process in R? and o : R* — R"*¢
is a noise feedthrough function. The cases ¢ = n and ¢ = 1 are common. The
stochastic HJB equation is

—%W 7) = min {g(w,u) + V.V (t,2)" f(, 0)

+ %Tr (V2V(t,z) - o(x)o(z)") }, for all ¢, z,

V(T,z) = h(x), forallz.

Note the additional Hessian of the value function, which does not appear in
the non-stochastic setting.



3.1 Derivation Using Dynamic Programming

The extra Hessian term comes from Ito’s formula. The definitive sources
are [FS06, TBS10] with an informal derivation following the same lines as
in §2.1. The first order approximation to the continuous system looks slightly
different

Tkt1 = Tk + f(flfk, Uk,) -0+ O-(xk:) € - 51/2’

where €, ~ N(0,I,) are iid standard normal variables on R? inherited from
the Wiener process. The DP equations are

Ji(No, ) = h(z),
Jj(ko, ) :gleigE{g(x,u)-é—i-Jj((k—l— 1) -6,z + flz,u)- 5+ o(x) e 67%)}
:min{9<$>u)'5+EJ§((/<:+1)-5,x+f(x,u)-5+o(:z:)-6-51/2)},

uelU
Expand Jj as a Taylor series around (kd, ) to the second order:
J((k+1)- 0,2+ f(x,u) -6 +o(z) € 6"?)
= J3(k6, ) + V. J; (k6,2)6 + V. J5(kd, 2)" (f(2,u)d + o(x)es"?)
1
+ 3 Tr (V2J;5(kd,x) - o(z)ee" o (x)T8) + o(6*?)

Using Ee = 0 and Eee’ = [, take the expected value of both sides to obtain

EJ;((k+1)- 6.2+ f(2,u)- 3 +0(x) - e-5'?)
= J5(ko, ) + V. Ji(k6, )6 + Vo J5(k6, )T f(x,u)d

+ % Tr (ViJJ(k’(S, CL’) . O'(x)o'(;p)T(S) + 0(53/2),

Finally, substitute this expression back into the DP equations, subtract J;(kd, x)
from both sides, divide by 0, and take the limit as 6 — 0 to obtain stochastic
HJB equations, cf. [TBS10, eq. 5].

Vi J* (t,x) = Hlellljl {g(x, u) + V5t 2)" f(z,u)

+ %Tr (V2J*(t,z) - o(z)o(z)") }, for all ¢, z,

h(z) = J*(T,z), for all z.
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